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ABSTRACT

Magnetometry is used to detect ferrous objects at various
scales but detecting small-size compact sources that produce
small-amplitude anomalies in the shallow subsurface remains
challenging. Magnetic anomalies are often approximated as di-
poles or volumes of dipoles that can be located, and their source
parameters (burial depth, magnetization direction, magnetic sus-
ceptibility, etc.) are characterized using scalar or vector magne-
tometers. Both types of magnetometers are affected by space
weather and cultural noise sources that map temporal variations
into spatial variations across a survey area. The vector magne-
tometers provide more information about detected bodies at the
cost of extreme sensitivity to orientation, which cannot be reli-
ably measured in the field. Magnetic gradiometry addresses the

problem of temporal-to-spatial mapping and reduces distant
noise sources but the heading error challenges remain, motivat-
ing the need for magnetic gradient tensor (MGT) invariants that
are relatively insensitive to rotation. Here, we show that the fi-
nite size of magnetic gradiometers compared with the length-
scales of magnetic anomalies due to small buried objects
affects the properties of the gradient tensor, such as symmetry
and invariants. This renders traditional assumptions of magnetic
gradiometry largely inappropriate for detecting and characteriz-
ing small-size anomalies. We then show how the properties of
the finite-difference MGT and its invariants can be leveraged to
map these small sources in the shallow critical zone, such as
unexploded ordnance, landmines, and explosive remnants of
war, using synthetic and field data obtained with a triaxial
magnetic gradiometer (TetraMag).

INTRODUCTION

Magnetometry is a ubiquitous geophysical technique used to
detect magnetic anomalies produced by various sources, such as ore
bodies (Azry et al., 1993; Gunn and Dentith, 1997; Hinze et al., 2013;
Shahsavani, 2019), igneous intrusions (Nogi et al., 1995; Santos et al.,
2019; Michelena et al., 2022; Accomando et al., 2023), subsurface
structures (Birch, 1984; Cordell and Grauch, 1985; Barrere et al.,
2011; Dgssing et al., 2013), and, for some humanitarian geophysics
applications, landmines and unexploded ordnance (UXO) (Yoo et al.,
2020; Accomando et al., 2021; Alqudsi et al., 2021). These magnetic
anomalies are often approximated as dipoles or volumes of dipoles
(Blakely, 1995; Hamlyn, 2022), and locating and inferring their char-
acteristics, such as burial depth and magnetic moment, is challenging,
regardless of whether using data from scalar or vector magnetometers.

Geologic-scale features traditionally of interest span spatial dimen-
sions of hundreds of meters to hundreds of kilometers and produce
anomalies on the order of tens to hundreds of nanotesla (Florsch et al.,
2018). In contrast, magnetic anomalies produced by landmines and
UXO are typically between 0.05 m and 2 m in spatial extent and pro-
duce anomalies on the order of tens of nT to hundreds of nT (Nikulin
et al., 2020; Yoo et al., 2021).

Surveys to detect larger geologic magnetic anomalies typically use
scalar magnetometers and are often performed aerially. Surveys to de-
tect small compact sources such as landmines and UXO use scalar and
vector magnetometers and are most often ground-based, though efforts
to integrate magnetometers on helicopters or unmanned aerial vehicles
(UAVs5) for landmine and UXO detection have gained traction over the
past decade (Munschy et al., 2007; Gavazzi et al., 2016; Zuo et al.,
2017; Baur et al., 2020; Mu et al., 2020; Barnawi et al., 2022).
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In this study, we focus on small buried objects in the shallow criti-
cal zone ranging from infrastructure to landmines, which necessitates
the characterization of the small-amplitude anomalies produced by
these sources. This task comes with unique challenges for survey
methodology and instrumentation selection, which affect the fidelity
and interpretability of collected data. First, we discuss the advantages
and disadvantages of scalar and vector magnetometry in this context
before turning our attention to how magnetic gradiometry can over-
come many of the disadvantages. We then focus on the quantitative
characteristics of finite difference versus infinitesimal magnetic gra-
dient tensors (IMGT) in the context of this challenge, and analyze
how they relate to the physical dimensions of the gradiometer, as well
as the distance and azimuth from the source. We explore the utility of
several magnetic gradient tensor (MGT) invariants for source locali-
zation (defining the source’s coordinate position as seen on a map)
and then compare their performance under rotation using synthetic
data. Finally, we demonstrate the gradient tensor and its invariants
using field data for a small dipole-like source buried at 15 cm depth.

Challenges of scalar, vector, and gradient
magnetometry

Scalar magnetometry

Scalar magnetometers are the standard tool used for ground-
based and aerial surveys due to their high sensitivity and ease of
data analysis. Sensor height plays a key limiting role when targeting
small-amplitude shallow anomalies such as landmines and UXO,
independent of the sensor’s sensitivity. Figure 1 shows the expected
total field magnetic anomaly for a dipole-like antitank (AT) land-
mine buried at 15 cm depth, as measured from various sensor
heights. As the magnetometer height increases, signals from geo-
magnetic storms and/or nearby direct current (DC) metro systems
completely obfuscate the amplitude of the AT mine, increasing the

Figure 1. Expected magnetic total field anomaly (B,) of a dipole-like
AT mine buried at 15 cm depth measured from various sensor heights
above ground level, compared with typical amplitudes of geomagnetic
storms and nearby DC metro systems (shaded areas) and the noise
floor of the magnetometer used in this study, MEDA FVM400
(dashed line). At height >0.5 m, geomagnetic storms and DC metro
signals can obfuscate the AT mine, producing false flags.

chance of false flags. Antipersonnel (AP) landmines and cluster
munitions of a similar size will have even smaller signatures. This
is particularly important for UAV-based surveying and surveys
carried out near urban environments with DC metro systems.

Crucially, scalar measurement magnitudes do not depend on in-
strument orientation, except when the sensor enters a dead zone. This
facilitates observations when precise pointing control is difficult to
achieve, which is the case in typical field conditions, especially when
flying. Their high sensitivity enables scalar magnetometers to easily
record temporal variations in magnetic field strength caused by space
weather and cultural noise sources.

Limited information content of scalar measurements makes it dif-
ficult to reliably estimate parameters (burial depth, magnetization
direction, etc.) beyond the surface map location of small-size
low-amplitude sources. Depth estimates for large-scale anomalies
can be made from total field data by relying on graphical and ana-
lytical methods developed by Peters (1949), Bott and Smith (1958),
and Smith (1959). Peters’ method is suboptimal for small-scale sur-
veys involving small-size anomalies because it requires many sim-
plifying assumptions to be made about the source, including having
uniform magnetization and vertical sides with a large depth extent,
and requires magnetic contour maps whose spacings are equal and
proportional to the depth of the source (Blakely, 1995). Maximum
depth rules derived by Bott and Smith are best suited when the
anomaly is caused by an isolated single source, which is not the
case for many minefields, nor most real-world geologic situations.
Euler and Werner deconvolution can be used to approximate depths
when there are many sources (or volumes of sources) of simple
shape but work best when the sources are sufficiently isolated,
and results are very sensitive to noise (Thompson, 1982; Reid
et al., 1990). In addition, Euler’s method requires information about
the source directional gradients, which are not directly sampled
using scalar magnetometers but instead calculated in the Fourier
domain using multiple filtering operations that can be unstable
depending on survey spacing and the orientation of the source
magnetization vector and ambient field vector (Blakely, 1995).

Scalar field measurements by nature contain less information about
source magnetic susceptibility, shape, and orientation, making inter-
pretations difficult as their inversions are highly nonunique when
used in isolation. Some of the nonuniqueness can be reduced by
jointly inverting with other data types or introducing known priors
(Zeyen and Pous, 1993; Gallardo et al., 2012; Ghalenoei et al., 2021).
For compact small-amplitude sources such as landmines and UXO,
there is an additional challenge of distinguishing the sources of in-
terest from metallic clutter or shrapnel, and inversion methods using
total field data rely on approximating the octupole component of a
simplified spheroid, or assuming an arbitrarily axially symmetric
body and attempting to recover the dipole and quadrupole moments
from it (Billings et al., 2002; Pasion et al., 2003). Although transfor-
mations can be applied to total field measurements to approximate
vector components, the operations become unstable depending on
the direction of the ambient field (Blakely, 1995). In addition, any
instrument noise will map to spurious artifacts during scalar-to-vector
component transformations (Liu et al., 2022).

This motivates the use of vector magnetometers, which can pro-
vide up to three times as much information about buried objects,
such as sensitivity to their orientation and shape, more directly than
using total field data transformations to approximate vector com-
ponents.
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Vector magnetometry

Vector magnetometers provide greater utility and benefit from
being lightweight and field rugged. They also provide more infor-
mation than scalar magnetometers by measuring vector components
directly. Similar to scalar magnetometers, vector magnetometers
suffer from the temporal-to-spatial variation mapping and sensor-
height-to-signal-amplitude issues described in the previous section.
In addition, they are exceedingly sensitive to pointing errors.

Here, pointing errors refer to the angular uncertainty in knowing the
magnetometer’s orientation in space compared with its actual position,
not the inherent nonorthogonality of individual fluxgate sensors. Be-
cause a triaxial fluxgate magnetometer measures the local magnetic
field with respect to the magnetometer’s x-, y-, and z-axis, any uncer-
tainty in the magnetometer position will result in the ambient field being
mapped into the measured signals. We adopt the naming conventions
of yaw (rotation about the z-axis), pitch (rotation about the x-axis), and
roll (rotation about the y-axis) to describe these angular deviations.

Figure 2 shows signal error as the percentage of expected mag-
netic anomaly for the same AT mine in Figure 1, calculated for a
triaxial fluxgate magnetometer from 0.5 m height, as a function of
the yaw pointing error of the sensor. Here, B,, By, and B, represent
the vector components of the expected magnetic anomaly, and am-
bient magnetic inclination and declination values are for College
Park, Maryland. Even very small pointing errors (<1°) result in spu-
rious magnetic signals that are large enough in amplitude to mimic
those from the AT mine, increasing the chances of false flags. This
relationship extends to any small dipole-like source, making precise
pointing crucial for mapping their magnetic signatures.

However, maintaining subdegree pointing accuracy is an extremely
difficult task for human-held fluxgate magnetometers and is practi-
cally untenable for ground-based or aerial vehicle systems, such as
UAVs. Although the use of microelectromechanical system acceler-
ometers can help determine the orientation of fluxgate magnetometer
sensor heads for making corrections, achieving accuracies <1° is dif-
ficult in a dynamic environment (Pham and Desimone, 2017), and
vibrations aboard crafts such as UAVs produce additional inaccuracies
that can create spurious signals at the same scale as sources of interest.
Although an inertial measurement unit (IMU) can be used to track
these positional changes to make corrections, even small uncertainties
in knowing the magnetometer’s orientation can result in spurious sig-
nals that are beyond the ability to correct and of the same order of
magnitude as anomalies produced by small-size small-amplitude
sources.

Limitations are also associated with the fixed nonorthogonality
and offset errors for each fluxgate sensor (Pang et al., 2013; Gavazzi
et al., 2019). The measurement inaccuracies that arise when the
three axes are not perfectly orthogonal when fabricating the fluxgate
sensor necessitate careful calibration and correction procedures to
ensure accurate magnetic field measurements. Field calibration ef-
forts have been made to account for some of the sensitivities and
offset errors (Merayo et al., 2000; Olsen et al., 2003; Pylvénédinen,
2008; Pang et al., 2013) but the pointing errors remain difficult to
compensate for in human-held and vehicle-based magnetometer
systems (Schmidt and Clark, 2006).

Mapping of temporal to spatial variations

Regardless of whether one uses scalar or vector magnetometers to
carry out a magnetic survey where magnetic field strength measure-

ments at different locations are made at different times, temporal var-
iations in the magnetic field will map into spurious spatial variations.

Space weather is a common source of temporal magnetic field
variations. The magnitude of space weather contributions can range
from picotesla to hundreds of nanotesla scales under geomagneti-
cally quiet conditions but variations of thousands of nanotesla can
occur within minutes during very strong geomagnetic storms, such
as from an impact of an coronal mass ejection on the Earth (Mandea
and Chambodut, 2020). In addition, proximity to urban magnetic
noise sources such as DC metro systems also produces temporal
magnetic field variations, detrimentally impacting the ability to re-
liably map out anomalies at the scale of hundreds of nantesla
(Kappler et al., 2017). Temporal variations from either source
can result in spurious spatial signals that swamp out the expected
amplitudes from small sources of interest. When mapping large-
scale anomalies, these spurious signals can be partially corrected
by applying diurnal corrections with a base station and/or sub-
tracting the International Geomagnetic Reference Field model from
the field data (Riddihough, 1971; Yarger et al., 1978; Foss, 2020).
However, this will not remove interfering anomalies from local
noise sources common in urban environments.

Although the precise mapping of temporal-to-spatial variations de-
pends on the accuracy of the positioning system (global navigation
satellite system or otherwise) and acquisition geometry, short-period
variations generally map to small-scale structures. In contrast, long-
period variations can map into either small- or large-scale structures.
Scalar base station recordings are often used to correct spurious sig-
nals from total field and vector component magnetic data, especially
in aeromagnetic and UAV-based surveys. However, it is important to
note that the effectiveness of this approach depends on geomagnetic
conditions. Figure 3 illustrates the differences between geomagneti-
cally quiet and storm conditions in coherence between pairs of mag-
netic reference stations. During quiet conditions, coherence values

Figure 2. Signal error produced as the percentage of expected mag-
netic anomaly for a metal AT mine buried at 15 cm depth, measured
with a triaxial fluxgate magnetometer from 0.5 m height, as a func-
tion of the uncertainty that arises from yaw pointing error (°) of the
sensor. Here, B, = 150 nT, B, = 200 nT, B, = 400 nT, declina-
tion = —10.5° inclination = 67.12° (matching College Park,
MD). Very small pointing errors produce spurious magnetic signals
large enough to obscure those produced by the AT mine, increasing
the chances of false flags.
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decrease at higher frequencies, indicating suboptimal base-station data
for short-period variations, whereas during a geomagnetic storm, en-
hanced coherence for north and east components. Differences in co-
herence between different pairs of magnetic field components can
only be accounted for if one measures the vector components of
the magnetic field, such as by using fluxgate triaxial magnetometers.

Magnetic gradiometry

Magnetic gradiometry largely solves the problem of temporal-to-
spatial mapping because gradiometers are sensitive to nearby var-
iations and relatively insensitive to distant variations (Schmidt and
Clark, 2000). This is because the correlated signals produced by
cultural and space weather can be effectively suppressed by differ-
encing signals recorded at nearby magnetometers. For an infinitesi-
mal triaxial gradiometer, this results in the nine-component IMGT
G represented as

G =VB=49,B, (1)

where B; is the component of the magnetic field (i = 1, 2, 3). Because
curl and divergence are both zero outside of source regions, according
to Maxwell’s equations, there will only be five independent elements,
and the IMGT can then be written as a symmetric matrix

Figure 3. Coherence between magnetic reference stations during (a
and c) geomagnetically quiet conditions, K, index 0, and (b and d)
a G3 geomagnetic storm, K, index 7, at locations across the United
States: (a) Boulder, CO, (b) Tucson, AZ, (c) Fredericksburg, VZ, and
(d) NASA Stennis Space Center, MS. In quiet conditions, coherence is
high at low frequencies for all components and falls off rapidly at
frequencies >50 mHz. During geomagnetic storms, vertical and total
field coherence falls off such as in quiet conditions but north and east
components show enhanced coherence at higher frequencies.

R Bx X Bx.y Bx 4 N
G=|B, B, B,. =G’ )
Bx,z By,z —B..— B}'»}'

The double-subscript notation here refers to the partial derivative
of the magnetic field component with respect to the direction
(.e., By, = (0B,/0y)).

Although magnetic gradiometry reduces distant noise sources
and removes the need for secondary base stations to correct survey
data, pointing error sensitivity remains. This motivated the introduc-
tion of the MGT invariants that are insensitive to rotation (Wiegert
and Oeschger, 2005; Jin et al., 2020; Wang et al., 2023). Most ap-
plications of magnetic gradiometry assume the idealized IMGT,
which will be, by definition, symmetric and traceless (Blakely,
1995). Actual magnetic gradiometer systems rely on finite-differ-
ence approximations of the IMGT, and, as a result, there will be
differences between the idealized infinitesimal and the physical fi-
nite-differences MGT (FDMGT) (Xu et al., 2021). In practice, gra-
dients are approximated by the separation-normalized difference
between two or more magnetometers. Using the expressions of
Xu et al. (2021) for a regular tetrahedron configuration (shown
in Figure 4a), the FDMGT, G, will then be of the form

1

“ave
V2(2B,— By, —Bs,) V2(2B\,—By,—B3,) v2(2B\,—By,—Bs,)
V2(Bi,+ By, —2B5,) V2(By,+By,—2B3,) V2(B,+By,—2B;,)
3By =By — By~ B3, 3By —Biy—Byy— B3y 3By, — B, — By, — B,

3)

Here, we adopt the Xu et al. (2021) notation convention, where
B, _4 are the four individual sensors in the tetrahedral configuration,
and d is the separation distance between magnetometers.

ASYMMETRY OF THE FINITE-DIFFERENCE MGT

In contrast with the IMGT, the FDMGT may be neither traceless
nor symmetric. Appendix A illustrates how asymmetry arises from
the use of finite differences for a vertically separated gradiometer to
first and second order in the dimensionless ratio € of magnetometer
separation distance d to source distance r (i.e., € = d/r) and how
these errors relate to the distance from the dipole source. When the
separation distance between magnetometers of the gradiometer is
small compared with the distance from the magnetic source being
characterized, which is the case in most applications of magnetic
gradiometry, € < 1, and we need only account for first-order terms
in €. However, when characterizing nearby small anomalies, ¢ ~ 1
and the higher-order terms cannot be ignored. This produces
differences between the two equations, manifesting as an FDMGT
asymmetry. Including higher-order terms enables a better approxi-
mation of the FDMGT, and higher-order derivatives contain infor-
mation about local curvature. The greater the magnitude of the
higher-order terms, the greater the curvatures, which results in a
larger antisymmetric term. As a result, the relative size of the anti-
symmetric matrix term in equation 4 quantifies the local curvature
of B. In other words, the differences between the FDMGT and
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IMGT capture information about magnetic field lines bending as
they approach their dipolar source and can provide useful informa-
tion about measured anomalies.

As shown previously, the differences between the IMGT G and
FDMGT G will appear as deviations from the expected symmetry of
the IMGT. To highlight these deviations, it is useful to represent
FDMGT as a sum of its symmetric part Gg and its antisymmetric
part G4:

G+GT G-GT

Functionally, the antisymmetric part represents errors arising
from the magnetic gradiometer’s physical size and geometry. It
should be noted that, while Gg will approach G, small differences
can still be expected due to the finite-difference approximation.

The Frobenius norm provides a useful way of comparing matri-
ces by measuring the average magnitude along mutually orthogonal
directions in space. It is analogous to an L2 or Euclidian norm but
for a matrix with a rank greater than one (Golub and Loan, 2013).
The Frobenius norm of the symmetric part of the FDMGT, ||Gg]| .
and the antisymmetric part |G, || can be expressed as (Golub and
Loan, 2013)

3 3

HGA,SHF = Z

i=1 j=1

|gA,S7ij|25 (5)

where gg;; and g, ;; are the elements of Gg and Gy, respectively.

We use the Frobenius norm of the symmetric and antisymmetric
components of FDMGT to quantify how the gradiometer’s finite-
ness (d) affects deviations from the symmetry of IMGT. Because the
magnetometer separation distance equals the side length for a gra-
diometer with regular tetrahedron geometry, side length and d are
used interchangeably in this paper, and it should be noted that this
value is often called a baseline in the literature (e.g., Xu et al.,
2021). In Figure 5, we plot ||Ggl|z and ||Gall (left panel) and
the ratio ||Gal|r/||Gsl|F with increasing lateral distance (in the
x-direction) from the source for three side lengths
(d=025m, d=05m, and d =1 m) (right
panel). Both panels are calculated using a verti-
cally oriented dipole from 1.5 m height. For
small side lengths, the Frobenius norm is domi-
nated by the symmetric part of the tensor. As the
side length increases to larger values expected for
physical gradiometer systems, the antisymmetric
part grows and approaches the same amplitude as
the symmetric part. The effective scale of the gra-
diometer may be described by the side length to
distance-from-source ratio (see Appendix A).
Because ||G,l|p/||Gs||z grows exponentially
with the square of the length/distance ratio, this
value may prove useful for determining the depth
of a detected source. The |G, ||r/||Gs|| ¢ ratio is
small directly over the source but increases with
increasing x-distance, producing two rings of
high values encircling the source. We stress that
the antisymmetric component of the finite-differ-

Figure 5. (a) Symmetric (]|Gg|
norm components of FDMGT with increasing gradiometer side length d directly above
the source and (b) the ratio |G, ||/ ||Gs|| with increasing x-distance from the source
for three side lengths (d = 0.25 m, d = 0.5 m, and d = 1 m). Both panels are calcu-
lated for a vertically oriented dipole from 1.5 m height.

ence MGT we discuss in this paper results solely from the
finite size of the gradiometer, compared with the scale of the magnetic
anomalies analyzed. Noise and bias of individual magnetometers that
comprise the gradiometer can also introduce an antisymmetric com-
ponent; however, this is not the focus of our work. Note that while we
have selected the Frobenius norm to demonstrate this deviation from
symmetry, other invariants of the FDMGT will exhibit similar
behavior.

In this study, we aim to compute or measure the MGT directly
using four magnetometers — the minimum number needed to
directly measure the gradients in all three directions. Although it
is possible to reconstruct the full MGT using four magnetometers

Figure 4. (a) Schematic of a regular tetrahedron-based triaxial mag-
netic gradiometer. Here, 1, 2, 3, and 4 are the positions of triaxial
fluxgate magnetometers, each at the vertices of a regular tetrahe-
dron. The side length (i.e., baseline or magnetometer separation dis-
tance) is d. Each magnetometer will have x-, y-, and z-components
(B1x, By, By, By, etc.). (b) TetraMag magnetic gradiometer sys-
tem. MEDA FVM400 triaxial fluxgate magnetometer sensor heads
are in 3D-printed enclosures at the four vertices of a regular tetra-
hedron with d = 0.5 m side length.

7> red) and antisymmetric (||G,|

7> blue) Frobenius
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located on a horizontal plane (Xu et al., 2021), doing so requires
leveraging the property that the magnetic field is divergence free.
However, this assumption does not hold when finite differences are
involved. Consequently, we limit our comparison to the regular
tetrahedral geometry and the right-angle tetrahedron, as other geom-
etries would require more than four magnetometers to capture all
components of the MGT directly. Figure 6 shows the comparison
between antisymmetric components of the FDMGT present in the
regular and right-angle tetrahedron geometries, showing similar pat-
terns of growth of the antisymmetric component with side length. It
is worth noting that all geometries, including those not examined
here, will produce an asymmetric component due to the finite nature
of the measurements rather than the specific geometry of the array.
Furthermore, the extent to which FDMGT measurements approxi-
mate ideal behavior (i.e., the amount by which they deviate from
symmetry) will depend not only on the geometry of the gradiometer
array but also its orientation with respect to the curvatures present in
the magnetic field being interrogated.

INVARIANTS OF THE MGT

We seek to use matrix invariants to minimize the impact of rota-
tional pointing errors for a finite triaxial gradiometer and explore
which properties may be useful for small-size source detection
and source parameter characterization. Invariants of interest for this
study include previously described Frobenius norms, eigenvalues, de-
terminants, and normalized source strengths (NSS) of the FDMGT.

By symmetric eigenvalue decomposition (spectral theorem), the
FDMGT can be written in terms of its eigenvalues (Pedersen and
Rasmussen, 1990)

Figure 6. Normalized symmetric (||Gg|| f, solid blue, solid red) and
antisymmetric (|G, ||, dashed blue, dashed red) Frobenius norm
components of FDMGT for regular tetrahedron (blue) and right-an-
gle tetrahedron (red) geometries with increasing gradiometer side
length d directly above the source, calculated for a vertically ori-
ented dipole from 1.5 m height.

A
G=VT"| 1 Vv, 6)
3

where matrix V contains mutually orthogonal eigenvectors
[vl v2 v3] and A1,42,13 are the corresponding eigenvalues
(A1 > 22 > 13).

If we interpret the MGT as defining a linear transformation, its
determinant is the signed scaling factor for its volume and is invari-
ant to rotation. However, this invariance is not guaranteed for the
FDMGT because the accuracy of the finite-difference approxima-
tion can, in general, depend on the orientation of the physical gra-
diometer. To explore how the determinant will change with errors
introduced by a regular tetrahedral magnetic gradiometer system,
we need only consider the determinant of the symmetric part of
the FDMGT, |Gg|, which can be expressed as

|Gs| = 414245. @)

The determinant of the antisymmetric part |G| is zero by con-
struction as antisymmetric matrices have a determinant of zero
(Turnbull, 1928).

In addition to the traditional invariants described previously, we
can combine eigenvalues in various ways. For this study, we focus
on two eigenvalue combinations, Ac; and A, which can be
expressed as

/1Cl = /1% + /1% + /129 (8)

Both Ay and Aq, are rotationally invariant, as each term of the
combinations is individually rotationally invariant. Here, A is sen-
sitive to sums and A, is sensitive to differences between 4, and 45,
with approximately equal sensitivity to 4,.

The NSS is another rotationally invariant quantity and can be
expressed as a combination of eigenvalues 4, 4,, and 13 (Clark,

2014):
NSS = /=43 — 2145

The NSS peaks over compact 3D sources (Beiki et al., 2012;
Clark, 2013, 2014), which is particularly interesting to this study
for locating and characterizing small-size sources that produce
small-amplitude signals, such as landmines and UXO.

It is also important to note that the FDMGT will still be subject to
rotational variations of the physical gradiometer that may produce
small changes in the expected invariant anomaly patterns.

(10)

DATA
Magnetic gradiometer system (TetraMag)

We have developed a magnetic gradiometer, called TetraMag, us-
ing four MEDA FVMA400 triaxial fluxgate magnetometers whose
data directly sample the full FDMGT. TetraMag is designed to
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detect small-size small-amplitude sources from very low altitudes
(~2 m AGL) in the shallow critical zone. Vector magnetometers
were chosen as the base sensors because gradient magnetometers
constructed from scalar sensors suffer from limitations described
in the scalar and vector magnetometry sections. In particular, by
capturing gradients in multiple directions rather than only the gra-
dient of the total field, vector gradiometers provide more compre-
hensive data that enables better source localization and improved
anomaly interpretation, where total field gradiometers may poten-
tially obscure anomalies from small-size small-amplitude sources.
In addition, whereas both gradiometer types are sensitive to noise,
the ability to analyze multiple components can sometimes help
identify and mitigate noise sources more effectively for vector
gradiometers versus total field gradiometers (von der Osten-
Woldenburg, 2021). Their suboptimal performance is particularly
significant when used at low altitudes, as the vertical gradient cannot
be calculated reliably from total field gradiometers because the mag-
netic field is more complex at very low altitudes and noise levels are
higher, particularly from anthropogenic sources (Gamey et al., 1997,
Doll et al., 2000). Triaxial magnetic gradiometers, by comparison,
can better discriminate between different sources of magnetic noise
because they provide directional information. This makes it easier to
filter out unwanted noise and focus on the relevant signals, improving
the reliability of gradient measurements.

The four triaxial magnetometer sensor heads are in 3D-printed
housings at the vertices of a regular tetrahedron, shown in Figure 4b.
A regular tetrahedron was chosen based on the work of Xu et al.
(2021), who showed that a regular tetrahedron configuration outper-
forms a right-angled tetrahedron for triaxial gradiometry purposes.
When the distance between the source and observation point is
more than 2.5 times the source object’s diameter or length, the
source’s magnetic field may be treated as a dipole (Zhang et al.,
2010; Xu et al., 2021). Our expected sources (landmines and
UXO) have spatial scales on the order of 0.05-0.2 m, so we must
measure them from at least 0.5 m height. To en-
sure that our ¢ is less than or equal to one, our
magnetometer separation (baseline) must be a
minimum of 0.5 m to accommodate very low-al-
titude measurements. Using this rationale, we se-
lected the side length of d = 0.5 m for TetraMag.

Carbon fiber tubing connects each sensor head
to a 3D-printed central hub. Aluminum supports
help to control structural modes and allow Tetra-

Mag to be rigidly mounted to the survey platform
of choice. Figure 4b shows TetraMag mounted
on a rolling aluminum scaffold for test surveys.

Synthetic data

The forward model to generate synthetic data
uses the physical geometry of TetraMag to cal-
culate the expected vector components at each
vertex location and then calculate the FDMGT
G for a chosen sensor measuring height. The
magnetic vector components for the dipole
source were calculated using the methods pre-
sented by Smellie (1956) and modified by Orug
(2010). We assume magnetization is due to the
earth’s field only so that the components can

be expressed as cation.

1= 2r,(r,l + rym — zon)

Bx = 2p0 r4 H (11)
r’m = 2r,(rd 4+ rym — zon)
B, = 2p; g o, (12)
20— 220(r ol + rym —
B, — —2p, A2l e Z ) )

%

where pj is the magnetic moment; z;, is the depth below the plane of
observation; /, m, and n are the direction cosines which depend on
the magnetic inclination (/) and declination (D); and r is the dis-
tance between the dipole and measurement location, with r, and r,
components in the x- and y-directions, respectively (Orug, 2010).

At each measurement location, we use the centroid position of
the tetrahedron to calculate the FDMGT G (equation 3). From
the FDMGT, we calculate the values of each invariant of interest.
Figure 7 shows a schematic visualization for a vertical source.
Figure 7a shows the magnetic field lines of the source in a small
survey area, with TetraMag to scale. Figure 7b shows the survey
path in map view and centroid position where invariants are calcu-
lated. Figure 7c shows the visualization of a calculated example
invariant at each pixel location. The pixels left in gridded format
for demonstration purposes only.

Field data

Test data were collected using TetraMag mounted on an alumi-
num scaffold over a bar magnet (meant to approximate a metallic
AP landmine) buried at 15 cm depth in a test sand bed and measured

Figure 7. Conceptual survey geometry and FDMGT anomaly map. (a) Magnetic field
lines for a vertical dipole in a small survey area, with TetraMag to scale (lower left).
The terms By, By,, and B, show example sampling directions for magnetometer 1.
(b) Lawnmower-style survey patterns enable the calculation of G (equation 3), referenced
to TetraMag’s centroid (black star). (c) A conceptual visualization for an arbitrary G
invariant, with the color of each pixel representing the value of the invariant at that lo-
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from 55 cm height. The test bed consists of a 300-gallon polyethyl-
ene containment tray filled with sand, located at the Paint Branch
Turfgrass Research Facility in College Park, MD. The aluminum
scaffold has magnetic resonance imaging (MRI)-safe wheels and
an aluminum 8020 slider, allowing TetraMag to move in two direc-
tions, resulting in a lawnmower-style survey pattern shown in Fig-
ure 7b. Two 1D light detection and ranging units were used to keep
track of the position of TetraMag during a survey and tied to indi-
vidual magnetometer measurements via a shared clock on a Rasp-
berry Pi 4 that simultaneously collected TetraMag and position data.
The data were interpolated onto a spatial grid, with nodes at
1.25 mm spacing in x- and y-directions. We follow the data process-
ing steps outlined in Merayo et al. (2000), enabling us to correct for
sensor biases, normalize the axes using three scale factors, and ac-
count for three nonorthogonality angles, thereby establishing an in-
trinsic orthogonal system within the sensor. The components of the
FDMGT were then calculated at each pixel point using the methods
described for a regular tetrahedral gradiometer, as presented in Xu
et al. (2021).

RESULTS

In this section, we present synthetic data for a vertically oriented
dipole and a synthetic TetraMag to better demonstrate the expected
difference between the calculated IMGT and FDMGT. We then in-
vestigate field data collected from our survey area, first comparing
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the average magnetic field (B,, By, B,) for its calculated and ob-
served FDMGT and then examining their invariants.

We can visualize the synthetic data the same way we showed in
Figure 7 to explore how the IMGT and FDMGT will differ as we
change the pitch angle of TetraMag. Figure 8, columns 1-3, shows
how the patterns of 4, 4,, and A3 vary for IMGT and FDMGT when
TetraMag is oriented parallel to the ground (IMGT 0° pitch, FDMT
0° pitch) and when it is rotated 30° with respect to the x-axis
(FDMGT 30° pitch), each measured from 0.5 m height to the closest
sensor. The dipole source is indicated by a white asterisk and buried
at 15 cm depth to the top of the source. As expected, the visualized
patterns for IMGT do not change with pitch rotation because the
measurements are close to infinitesimal (side length = 0.000001 m),
so their plots are omitted. The source is characterized by a single,
symmetric ellipsoidal anomaly, with one local maximum for 4; and
4, and one local minimum for 43. For the FDMGT case, the source
is characterized by a single, asymmetric ellipsoidal anomaly with
one local maximum for A; and a slightly triangular anomaly with
one local maximum for 4,. The characterization pattern for A; dif-
fers the most from IMGT, with the source location surrounded by
three ellipsoidal anomalies with local minima and centered at a
maximum point between the three; 1, is surrounded by three ellip-
soidal positive anomalies that shift location slightly as TetraMag is
pitched 30°. It should be noted that the sign of the eigenvalues is
arbitrary but their magnitude differs significantly from those of the
surrounding synthetic survey area.

Figure 8. Maps of the eigenvalues (columns 1-3) and invariants (columns 4—11) calculated from synthetic data at two TetraMag orientations
(pitch angles) for the IMGT and FDMGT. The white asterisk symbol indicates the source location for all plots. Eigenvalues 4,, 4,, and A3 are

shown in columns 1-3. Determinant variations |G| and |Gg| are shown in columns 4 and 5. Frobenius norm variations || Gg|

Gs|

P> r», and

||Gallp are shown in columns 6-8. Variations of eigenvalue combinations 1 (4¢;) and 2 (A¢,) and NSS are shown in columns 9-11.
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Figure 8, columns 4-5, shows how determinant values for the
IMGT and FDMGT and their symmetric parts vary for the same
TetraMag pitch angle. The |G| anomaly for the source is characterized
by a single central circular low. For the |G| FDMGT case, the anomaly
is characterized by a single circular low, whereas the |Gg| part reveals
a more lobed low anomaly. The orientation of the triangular anoma-
lous low pattern changes with changing TetraMag pitch angle.

In addition to asymmetry arising from the finite-difference
approximation, any tilt will produce a distortion that results from
having one of the sensors closer to the source than the others. The
triangular distortion comes primarily from the geometry of the gra-
diometer. As TetraMag approaches a source, the sensors closest to
the source will measure a higher amplitude signal, which manifests
in the finite differences and, therefore, all derived quantities of
the FDMGT.

Figure 8, columns 6-8, shows how Frobenius norm values for the
IMGT and FDMGT, and the latter’s symmetric and antisymmetric
parts, vary for the same TetraMag pitch angle. The source is char-
acterized by a circular anomalous high lobe for the IMGT, and a
three-lobed anomaly high anomaly that blurs together in a triangular
pattern for FDMGT. However, the pattern and amount of visual dif-
fusivity depend on TetraMag pitch rotation for FDMGT. Here,
||Gs || is also characterized by a three-lobed anomaly high anomaly
that blurs together in a triangular pattern for FDMGT, plus an addi-
tional central high that is obscured by the white asterisk indicating
the source position. The |G, || values for FDMGT arise from the
0.5 m TetraMag side length and reveal three approximately circular
anomalous highs, whose locations appear to match vertex locations
of the triangular anomalous high seen in ||Gs||, with a central low
obscured by the source position asterisk.

Figure 8, columns 9-11, shows how A¢;, ¢, and NSS values
vary for IMGT and FDMT for the same TetraMag pitch angle.
The source is characterized by a circular high anomaly for IMGT
Ac1 and NSS, and by a circular low anomaly for A-,. The FDMGT
source anomaly patterns differ from the IMGT case, where FDMGT
Acy contains a semitriangular high anomaly whose northwestern
edge (for 0° pitch) and western edge (for 30° pitch) has higher am-
plitude than the rest of the triangular anomaly. FDMGT A, is char-
acterized by a circular high anomaly surrounded by three circular
low anomalies in a triangular configuration that shift in location
with changing pitch angle. The FDMGT NSS pattern contains a
trough-like low anomaly near the center of a higher amplitude ring,
with one side of the ring containing higher amplitudes than the other
side, depending on the pitch angle.

To compare the expected magnetic field of the dipole source to
the observed, we calculated a separate synthetic data set using the
setup parameters of our field area. Figure 9 shows the calculated
(synthetic) and measured (field) values of the three components
of the magnetic field B,, By, and B,. These synthetic data are dis-
tinct from those used for Figure 8, as these incorporate the magnetic
moment and orientation of the testing bar magnet, magnetic incli-
nation, and declination of the survey location, whiereas the syn-
thetic data for Figure 8 are for a purely vertical source. It should
be noted that the magnetization vector we used for the bar magnet
in synthetic data calculations is only approximate, as we could not
measure this in the field. As a result, the precise characterization
pattern for each invariant anomaly can be expected to differ rota-
tionally about the known source location. With this in mind, field
and synthetic data patterns are considered a good fit if the general

anomaly shape matches, and the amplitude and approximate posi-
tion are consistent with expectations for the known source location.
The fiberglass scaffold rolling tracks used for the field survey were
not level due to local topography, which resulted in a nearly 30° tilt
of TetraMag with respect to the y-axis (roll), which we accounted
for in synthetic data calculations. Streak-like spurious features in
the field data may be caused by inconsistent survey spacing, which
maps into spatial features during interpolation (varying between 5
and 11 cm in the y-direction). From separate ground-based data, we
observe that 1° differences in roll or pitch of TetraMag going in one
direction versus the other in a lawnmower survey pattern can pro-
duce similar striping, so variations in orientation on this order from
transect to transect may contribute to those seen in Figure 8. In ad-
dition, magnetic noise from nearby ferromagnetic clutter was ob-
served in all three components, most significantly in By, and has
been piecewise removed. Ghosting from this piecewise removal
can be seen near x = 50 cm in the B, plot.

Figure 10 shows eigenvalues 4, 4,, and 13 (columns 1-3) for
field and synthetic data. Synthetic 4, is characterized by two circu-
lar high anomalies, with the source location at the outer edge of the
higher amplitude anomaly. Field A; is characterized by a similar
pattern as the synthetic data when we allow for rotation due to

Figure 9. Average B,, B,, and B, values for synthetic data and cor-
responding field data measured by TetraMag at 55 cm height, with
30° roll angle. The dipole source is indicated by a black asterisk and
buried 15 cm in a test sand bed in College Park, MD. Synthetic data
match the field magnetic inclination and declination values. Noise
from magnetic clutter on the test scaffold has been piecewise re-
moved from all components but is most apparent in B, values,
ghosting from which can be seen in the plot.
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the approximated magnetization vector. However, there appears to
be an additional anomalous low area in the field area that is not
visible in the synthetic data, which may be a real signal from ferrous
clutter unknown to us in the field. Here, 4, data are characterized by
an ellipsoidal high anomaly in which the source is located and an
ellipsoidal anomalous low anomaly next to the high anomaly. This
pattern is consistent for field and synthetic data, though the field
anomalies are more diffuse than the synthetic. The source is at
the center of a single circular low anomaly for field and synthetic
data. However, the radius of the circular low anomaly is larger in the
field data than in the synthetic.

Figure 10 shows the determinant of the FDMGT (|G|) (columns
4-5) and its symmetric part (|Gg|). The source is characterized by a
single circular low anomaly approximately centered at the source
location in the synthetic data. The field data show some agreement
with the synthetic data, as the source is centered in a circular low
anomaly. Still, an additional ellipsoidal high anomaly is visible near
the low anomaly, which may indicate the presence of ferrous clutter
in the field area unaccounted for in synthetic data.

Figure 10 shows the Frobenius norm of the FDMGT |G| (col-
umns 6-8), as well as its symmetric (||Gg||y) and antisymmetric
(IGallp) parts. The expected patterns from the synthetic data
approximately match the field data, especially for |G| and
|IGs||7- The source is localized in the center of the anomalous pos-
itive lobe for ||G|| and ||Gg|| r, with finer resolution seen in | Gg|| ¢
for synthetic and field data, though the lobe appears more elongated
in the field data which is revealed to be a secondary positive lobe
upon inspection in ||Gg|| ;. The source is localized at the edge of a
positive anomaly lobe in |G, ||  for synthetic and field data, though
two additional positive anomaly lobes are seen in the field data that
are not present in the synthetic data, indicating less of a good fit
which may indicate the presence of an additional source.
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Figure 10 shows eigenvalue combinations Acq, A¢p, and NSS
(columns 9-11) for field and synthetic data. The source is localized
in the center of a positive anomaly lobe for -, and a negative
anomaly lobe for A, in synthetic and field data, though A.; is more
elongated than the expected circular lobe in synthetic data. The pos-
itive anomaly lobe seen to the northwest of the negative lobe in A,
is present in synthetic and field data. There is a slight horizontal
offset between the positive anomaly lobe in the synthetic data
and field data, and an additional positive lobe is seen in the field
data that is unseen in the synthetic data.

DISCUSSION
The impact of finiteness on FGMGT invariants

The finiteness of TetraMag introduces an antisymmetric compo-
nent to the FDMGT. As discussed in the magnetic gradiometry sec-
tion, |G|/ calculated above the center of a dipole grows with
increasing side length and decreasing distance from a small com-
pact magnetic source. Its ratio to ||Gg||y grows with the square of
the side length, as shown in Figure 5. The side length of TetraMag
also plays a significant role in the signal and expected invariant pat-
terns derived from the FDMGT, which can be seen from the syn-
thetic data. The FDMGT deviates from the IMGT, and the
deviations are due to the finite approximation of gradients, which
are captured in the antisymmetric portion of the FDMGT. These
deviations are also seen in the field data, where TetraMag has a side
length of 0.5 m.

However, the relative magnitude of the antisymmetric compo-
nent of the FDGMT exhibits more complicated dependence on
off-axis locations, reflecting the magnetization of the source. In
Figure 11, we display ||G,|z/||GsllF at two flying heights,

Figure 10. Maps of eigenvalues (columns 1-3) and invariants (columns 4-11) for field FDMGT data (top row) collected by TetraMag and
synthetic FDMGT data (bottom row) calculated using TetraMag’s geometry, tilt (30° roll angle), local magnetic conditions, and approximated
source magnetization vector. Eigenvalues 4;, 4,, and 45 are shown in columns 1-3. Determinant variations |G| and |Gg| are shown in columns 4
and 5. Frobenius norm variations ||G|| g, ||Gs||r, and |G || are shown in columns 6-8. Eigenvalue combinations 1 (A¢;) and 2 (A¢,) and NSS
variations are shown in columns 9-11.
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0.5 m (top row), corresponding to a ground-based survey, and
1.5 m (bottom row), corresponding to a low-altitude drone-based
survey; side length is set equal to 0.5 m for both flying heights.
Because orientation of the source magnetic di-
pole will affect the spatial variations of the mag-
netic field and therefore of the FDMGT itself.
Figure 11 shows how the relative magnitude
of the antisymmetric component of the FDGMT
changes laterally for a dipping (left), horizontal
(center), and vertical (right) source dipole orien-
tation. When the magnetization is oriented ver-
tically, the resulting pattern of ||G,||z/||GsllF
has a small radius ring of high-amplitude values
encircling the source location. The radius of this
ring remains unchanged with changing flying
height, suggesting it may be leveraged to pre-
cisely identify source locations. Unsurprisingly,
the azimuthal symmetry of ||G,||z/||Ggl|f var-
iations seen for the vertical magnetic dipole
source does not persist for horizontally oriented
or dipping magnetization vectors, for which
IGAllr/ ||Gs]|F variations exhibit more compli-
cated lobate patterns. Although the largest anti-
symmetric components are still seen near the
source, the high-amplitude ring seen for the ver-
tical dipole becomes distorted and discontinu-
ous, offering a simple way for vertical dipole
signatures to be distinguished from dipping or
horizontal ones.

Although the synthetic IMGT data presented
here are rotationally invariant, consistent with the literature
(Pedersen and Rasmussen, 1990; Schmidt and Clark, 2006; Orug,
2010; Beiki et al., 2012), the FDMGT is still subject to rotational
variations of the physical gradiometer, which produce small
changes in the relative distances between the magnetometer posi-
tions and the magnetic sources in the subsurface, and therefore, in-
troduce lateral variations in the expected pixel-to-pixel invariant
pattern. The invariant pattern differences when TetraMag is rotated
are most apparent in 41, . |Ggl. |Gy [Gs ¢ [Gallr. and Zco.

For |Gg| and ||Gg| . rotation of TetraMag results in a rotation of
the vertices of the triangular anomaly pattern but the source location
remains at the center of the negative anomaly for |Gg| and positive
anomaly for ||Gg||z. Similarly, the source remains located at the
center of a positive anomaly lobe for A, but there is an apparent
shift in the surrounding positive anomaly lobe locations. The source
location can still be identified in each of these cases, even with
changes in surrounding lobe patterns. Note that this is for a simple
dipole source, and more complex sources may exhibit more com-
plex patterns. This has implications for flying height choice, ensur-
ing the source may be treated as a simple dipole.

Pitch rotation of TetraMag results produce slight rotations in the
location of anomaly lobes for 4, 4, 43, |Gs|, [|Gllp> ||Gsllp»
IGallgs Acts Aca, and NSS, for the FDMGT case. Because rotations
of these patterns can also arise from differences in the source mag-
netization vector, it is important to include the yaw, pitch, and roll
information of a magnetic gradiometer when performing inversions
or computing synthetic data.

Invariants whose patterns are left largely unchanged when Tet-
raMag is rotated include ., 4,, and NSS, emphasizing that not
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all MGT invariants are equally invariant to rotation. Separating
the full FDMGT into its symmetric and antisymmetric parts, how-
ever, overcomes some of the errors introduced by having a physical

Figure 11. Ratio of ||G,||/||Gsl|F at two flying heights, 0.5 m (top row), correspond-
ing to a ground-based survey, and 1.5 m (bottom row), corresponding to a low-altitude
drone-based survey. The side length is 0.5 m for both flying heights. The source is a
magnetic dipole that is dipping (left), horizontal (center), or vertical (right). Although a
vertical magnetization produces the most symmetric |G, ||r/|/Gs|| s pattern around the
source location, dipping orientations produce more complicated lobate patterns but still
peak above the source.

Figure 12. Average B,, B, and B, anomalies for a small (20 nT
producing) vertically oriented source buried 0.1 m, from 1.5 m flying
height, under different noise conditions. Here, average refers to the
mean value for each component as seen by the gradiometer array
(e.g., B, = (Bix + By, + B3, + By,)/4). The top row shows the
noiseless case. The middle row shows when each magnetometer
has random noise at the 10 nT std level. The bottom row shows when
each magnetometer has random noise at the 20 nT level. The
anomaly patterns remain resolvable for all three noise levels.
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finite gradiometer and increases the localization resolution for the
dipole source, especially for |G| and ||Ggl| and for the other in-
variants in this study as well. Although each included FDMGT
invariant characterizes the source by their respective anomaly pat-
terns, some invariants may be more useful for determining addi-
tional source parameters. They will be explored in future studies.

Sensitivity to noise

Because invariants of the MGT involve nonlinear combinations
of the vector magnetic data, one can expect that they should have
very different sensitivity to noise on individual magnetometers. To
explore the impact of instrument noise on FDMGT data fidelity, we
made a TetraMag synthetic data set for a vertically oriented dipole
source with a small-amplitude anomaly (approximately 20 nT)
buried at 0.1 m depth, calculated at 1.5 m flying height. We intro-
duce additive white noise to each component of each vector mag-
netometer under three conditions: 0 nT (noiseless), 10 nT standard
deviation (std), and 20 nT std levels. Figure 12 shows the average
B,, By, and B, values across the four TetraMag sensors for the
noiseless case (top row), 10 nT std case (middle row), and 20 nT
std case. The noiseless case’s anomaly pattern is recovered for 10
and 20 nT noise levels. Figure 13 shows how FDMGT invariants are
impacted for the same noise conditions. The top row shows each
invariant for noiseless conditions, whereas the middle and bottom
rows show the 10 and 20 nT noise levels, respectively. When the
noise level is approximately half the source anomaly amplitude, the
anomaly patterns seen in the noiseless case are recovered for all
invariants. When the noise reaches the same amplitude as the source
anomaly, however, many of the invariant maps no longer show rec-
ognizable patterns (e.g., |G|, |Gs|, and Ac»). Nevertheless, errors
close to where the signal is high remain low for the Frobenius norm
(IG|lg» ||Gsl|p» and ||G4 || ) and the NSS invariants. This indicates
that not all FDMGT invariants effectively resolve small-size small-
amplitude anomalies under varying noise conditions because some
invariants exhibit greater sensitivity to noise compared with others.
However, analysis of the FDMGT itself still offers valuable insights
even in suboptimal noise environments.

Field data complications

Field data collection — even under ostensibly controlled con-
ditions — invariably presents challenges not encountered in syn-
thetic modeling. For example, inconsistent survey y-direction
spacing in the field (varying from 5-11 cm) is mapped into spurious
streak-like features during the interpolation step of the FDMGT
processing. This may have contributed to some of the errors be-
tween the expected synthetic invariant patterns and field data pat-
terns. In addition, the fiberglass scaffold rolling tracks used for the
field survey were not level due to local topography, which resulted
in a nearly 30° tilt of TetraMag with respect to the y-axis. All syn-

Figure 14. Magnetic field B versus separation distance d between
magnetometers for the special case of a purely vertical magnetic
moment. The x; finite difference of the X; component of the mag-
netic field (G3, solid black line) and the x; finite difference of the
X3-component of the magnetic field (G, solid red line) are poorly
approximated when only the first term in equations A-7 (black
dashed) and A-13 (red dashed) is used. However, the inclusion
of second-order terms in e (dot-dashed lines) improves accuracy
(see equations A-7 and A-13). Note that the dashed lines are parallel
because of the symmetry of V B.

Figure 13. The FDMGT invariants for a small (20 nT producing) vertically oriented source buried 0.1 m, from 1.5 m flying height, under
different noise conditions. The top row shows the noiseless case. The middle row shows when each magnetometer has random noise at the
10 nT std level. The bottom row shows when each magnetometer has random noise at the 20 nT level. Invariants include eigenvalues (4, 4,,

A3), FDMGT determinant (|G

), FDMGT symmetric determinant (|Gg
norm (||Gs||z), FDMGT antisymmetric Frobenius norm (|G, || ), eig

), FDMGT Frobenius norm (||G||z), FDMGT symmetric Frobenius
envalue combinations 1 and 2 (A¢;, A¢»), and NSS.
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thetic data have factored in this amount of tilt when calculating the
FDMGT and its invariants.

CONCLUSION

This study explores how the finite size of magnetic gradiometers
affects the symmetry and invariant properties of the FDMGT for
magnetic anomalies produced by small buried objects. This con-
trasts with assumptions traditionally made based on the properties
true for idealized IMGT, which should be symmetric and whose
invariants should not be affected by rotations. Through synthetic
tests and field data, we showed that these assumptions are invalid
and FDMGT and IMGT should not be treated the same way. In ad-
dition, we showed that the effects of the finite size of a gradiometer
can be assessed by decomposing the FDMGT into a symmetric and
antisymmetric part.

The FDMGT properties analyzed in this study can enable rapid
processing and interpretation of field data. Because most of the
differences between IMGT and FDMGT are wrapped up in intro-
ducing an antisymmetric part to the MGT, using the symmetric part
obviates the need for some of the more rigorous calibration efforts
traditionally applied to magnetic survey data. This approach helps
lay the foundation for UAV-based detection of small sources, and
the relative stability of invariant patterns to rotations of TetraMag
may enable the instrument to be rigidly mounted on the vehicle
body. Because accurate gradiometer orientation information is cru-
cial (see Figure 8), IMU data could, e.g., be used to correct for Tet-
raMag tilt during inversion calculations. This effectively shifts the
correction task to the data analysis side rather than the field opera-
tional side, where gimbals and other equipment would traditionally
be used for the challenging task of always keeping the instru-
ment level.

We showed that, theoretically, deviations from symmetry de-
crease with the square of the distance from the magnetic source
(represented as a dipole) but can exhibit complicated spatial patterns
depending on the orientation of the source’s magnetization vector.
Furthermore, we showed how the rotational dependence of invari-
ants persists even when using the symmetric component of the
FDMGT.

We explored the utility and benefit of leveraging the symmetric
and antisymmetric parts of the FDMGT for locating and character-
izing small-size small-amplitude anomaly sources in the shallow
critical zone. In particular, the Frobenius norm (||G|/f), NSS,
and eigenvalue combinations A-; and Ao, enable high-resolution
characterization of the anomaly patterns associated with small mag-
netic sources and may enable characterization of their source
parameters, such as burial depth and magnetization orientation,
which will be explored in follow-up studies. However, A~ and
Acy were found to be more strongly affected by measurement noise
compared with NSS and the Frobenius norm invariants. Building on
theoretical frameworks from potential fields literature, we built and
tested a regular tetrahedral triaxial magnetic gradiometer called Tet-
raMag and demonstrated its ability to estimate the FDMGT, then
compared each derived invariant’s ability to localize the buried
source with a complementary synthetic data set.

Future investigations will include multiple dipole-like sources, as
well as ferromagnetic clutter, to ensure the robustness of the ap-
proach. Additional future work includes exploring the effect of sin-
gle sources that deviate from dipoles for various source depths,
sensor heights, and TetraMag yaw, pitch, and roll rotations. These
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data can build synthetic databases for machine learning (ML)-as-
sisted inversion and source parameter estimation for small sources,
such as landmines and UXO. Any ML synthetic training data
should include rotations of the solid TetraMag structure to ensure
all versions of the resulting invariant patterns are included as the
network learns and updates. Characterizing real sources is also para-
mount for successful explosive remnants of war detection and/or
identification tasks.
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APPENDIX A
MAGNETIC FIELD FINITE DIFFERENCES

The magnetic field B at location 7 away from source regions can
be written as the gradient of a scalar potential ®:

B(#) = Vo (7). (A-1)

For a point dipole with magnetic moment 7, the magnetic field
becomes (in SI units)

B=V(n-VC,r), (A-2)

where C,, = ug/4n, p is the magnetic permeability of free space,

and r = |r| = y/Z;x7. Remembering useful results that d;r = x;/r
and 0,r~' = —x;r73, and considering the special case of a purely
vertical magnetic moment i = Y, myS3¢, the expression for

the magnetic field simplifies to

- B(_) r) = _mOCm_) V(x3r_3)

3m0me3 r2 ~
= TZ(_}C,’ _3_xi6i3 e;.

(A-3)

The MGT V B = 0yB; = 0,0;® is inherently symmetric because
of the symmetry of second derivatives. However, when we measure
the magnetic gradients, we actually measure the finite differences in
the components of the magnetic field B; across some physical sep-
arations d. We can write this magnetic finite-differences matrix G as
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d A A
Gij = >4 [Bt (Zxk + dj5kjek) - B (Zxkek)} '
k k

(A-4)

Let us consider taking the finite difference across a vertical sep-
aration, i.e., d = dsées, of the x;-component of the magnetic field,
and write the physical size of the magnetic gradiometer in terms of
the vertical distance from the source, i.e., d3 = ex; = |d|:

1+e 1
exs  [(Cxt(1+e53)2)%%  (54x7)%?

X3X1.

(A-5)

When the scale of the magnetic gradiometer is small compared
with the distance from the magnetic source being characterized,
which is the case in most applications of magnetic gradiometry
€ < 1, we need only account for terms of the first order in €. How-
ever, in our use case of characterizing magnetic anomalies that are
small in amplitude and small in spatial extent, € can approach unity,
and we cannot neglect O(e?) terms (see Figure 14). Therefore, we
proceed by expanding the terms to second order in € using the bi-
nomial approximation: (1 + €)%~ 1 + ae + (a/2)(a — 1)e>. After
some algebra, the first term in equation A-5 becomes

1
e js Uit e e/

1 x3 5x% x2
zﬁ[l—l—(1—Sr—§>€—§r—§<3—7r—g>e2+(’)(e3)}. (A-6)

The entire expression for the vertical finite difference of the X,-
component of the magnetic field (equation A-5) then simplifies to

_ 3myC,, x% ng x% )
G13r5|:<1—52) —Eﬁ 3—7; €+O(€) X1.

r

(A-T7)

Now, we turn our attention to the finite difference in the x;-di-
rection (i.e., d = d;é; = ex;e,) of the vertical component of the
magnetic field:

X3 = 31732];)6%(1 +tedy)? L _»

G 3m0Cm 37 3x;
i = - x .
Toen | Rt ()|
k
(A-8)
Simplifying the summation terms using r,
x2
> (1 +ey)? =1 {1 + (2¢ + 62)73]’ (A-9)
k

and using the binomial approximation to second order in e,

Myers et al.

<Xk:x§(1 +€5k,-)2> o

5x?
2r?

-5 x; X 2 3
~r 1—5;6— 1_7? ee+0(e) ]|, (A-10)

we can approximate equation A-8 to read

3myC r? x?
Gy~ n De+e?)
e [<x3 3x3 (2ete )3x3

2 2 2 2
x;i  5x; X; r
#[1-5"Le——"L(1-7%)e?| = x3—=— | [x3. (A-11
[ rro2r? ( r2) 3k )7 ( )
After some algebra, the preceding expression simplifies further:
3myC r? x? 5x2 x2
Gy — | =——x3 ) |52 e+ (1-7~% )€
I e |:<3X3 3) [ 2 r?

2 2
- (2€+€2)x—i <1 —5%6):|X3.

3)63 r

(A-12)

Rearranging by order of €, we arrive at

G A:3m0Cm 1_5é n 1_15)@_%_’_35)@)@
3 r r? 2 6rF 272 2%

e—i—(’)(ez)] X;. (A-13)

Comparing equations A-7 and A-13, we can see that whene < 1,
the two are equal, as we expected from the symmetry of second
derivatives of the scalar potential. However, when characterizing
nearby small-size anomalies, € =~ 1 and the higher order terms pro-
duce differences between the two equations. This manifests as an
asymmetry in the finite-differences magnetic gradient matrix. The
amplitude of the asymmetry is proportional to the amplitude of the
higher-order spatial derivatives of B. The ratio of the second- to
first-order spatial derivatives of a vector field is related to the cur-
vature of the field, with larger curvatures corresponding to stronger
second-order spatial derivatives. When we express the FDMGT as a
sum of symmetric and antisymmetric matrices, the relative size of
the antisymmetric matrix quantifies the local curvature of B. Be-
cause higher-order spatial derivatives — i.e., terms higher order
in e — fall off more quickly with distance r, the curvature of Band
the size of the antisymmetric component of FDMGT can serve as a
proxy for the gradiometer’s proximity to a localized magnetic
source.
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